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MINIMUM CODEGREE THRESHOLD FOR
(K34 − e)-FACTORS
ALLAN LO AND KLAS MARKSTRO¨M
Abstract. Given hypergraphsH and F , an F -factor inH is a spanning
subgraph consisting of vertex-disjoint copies of F . Let K34−e denote the
3-uniform hypergraph on 4 vertices with 3 edges. We show that for any
γ > 0 there exists an integer n0 such that every 3-uniform hypergraph
H of order n > n0 with minimum codegree at least (1/2 + γ)n and
4|n contains a (K34 − e)-factor. Moreover, this bound is asymptotically
the best possible and we further give a conjecture on the exact value
of the threshold for the existence of a (K34 − e)-factor. Thereby, all
minimum codegree thresholds for the existence of F -factors are known
asymptotically for 3-uniform hypergraphs F on 4 vertices.
1. Introduction
Given hypergraphsH and F , an F -factor (or a perfect F -tiling or a perfect
F -matching) inH is a spanning subgraph consisting of vertex-disjoint copies
of F . Clearly, if H contains an F -factor then |V (F )| divides |V (H)|. A k-
uniform hypergraph, or k-graph for short, is a pair H = (V (H), E(H)),
where V (H) is a finite set of vertices and E(H) is a set of k-element subsets
of V (H). If H is known from the context, then we will often write V instead
of V (H). We often write l-sets for l-element subsets. For a k-graph H and
an l-set T ∈
(V
l
)
, let deg(T ) be the number of (k − l)-sets S ∈
( V
k−l
)
such
that S ∪ T is an edge in H, and let δl(H) be the minimum l-degree of H,
that is, δl(H) = min{deg(T ) : T ∈
(V
l
)
}. Define tkl (n, F ) to be the smallest
integer d such that every k-graph H of order n with δl(H) ≥ d contains an
F -factor. If n is not divisible by |V (F )|, then tkl (n, F ) =
(n−l
k−l
)
. Hence, we
always assume that |V (F )| divides n.
For graphs (that is, 2-graphs), a classical theorem of Hajnal and Sze-
mere´di [7] states that t21(n,Kt) = (t−1)n/t. Furthermore, t
2
1(n, F ) is known
up to an additive constant for every 2-graph F , see [12]. For graphs F , there
is a large body of research on t21(n, F ). For two surveys see [11, 16].
In the case of hypergraphs (k ≥ 3), only a few values of tkl (n, F ) are
known. Note that when F is a single edge Kkk , a K
k
k -factor is equivalent to
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a perfect matching. Ro¨dl, Rucin´ski and Szemere´di [15] proved that
tkk−1(n,K
k
k ) =
n
2
− k + εn, where εn ∈ {3/2, 2, 5/2, 3}.
For k > l ≥ 1, Ku¨hn and Osthus [11] and independently Ha´n, Person and
Schacht [8] conjectured that
tkl (n,K
k
k ) =
(
max
{
1
2
, 1−
(
1−
1
k
)k−l}
+ o(1)
)(
n
k
)
.
This conjecture has been verified for various cases of k and l. We recommend
[14] for a survey on tkl (n,K
k
k ).
Here we focus on the case when k = 3, l = 2 and |V (F )| = 4. Let
K34 be the complete 3-graph on 4 vertices. In [13], the authors showed
that t32(n,K
3
4 ) = (3/4 + o(1))n, and independently Keevash and Mycroft [9]
determined the exact value of t32(n,K
3
4 ) for sufficiently large n. For 1 ≤ i ≤ 3,
let K34 − ie be the unique 3-graph on 4 vertices with (4− i) edges. Ku¨hn and
Osthus [10] showed that t32(n,K
3
4 − 2e) = (1/4+ o(1))n, and the exact value
was determined by Czygrinow, DeBiasio and Nagle [4] for large n. Note that
K34 − 3e is simply an edge plus one isolated vertex and so a (K
3
4 − 3e)-factor
corresponds to a matching of size at least n/4. By Fact 2.1 in [15], it is
easy to deduce that t32(n,K
3
4 − 3e) = n/4. In this paper, we investigate
t32(n,K
3
4 − e), the only remaining case for 3-graphs on 4 vertices. It is easy
to show that t32(4,K
3
4 − e) = 1. Also, we know that t
3
2(8,K
3
4 − e) = 4
by a computer search. For n ≥ 12, we give the following lower bound on
t32(n,K
3
4 − e).
Proposition 1.1. For integers n with 4|n
t32(n,K
3
4 − e) ≥ n/2− 1.
We show that the inequality above is indeed asymptotically sharp.
Theorem 1.2. Given a constant γ > 0, there exists an integer n0 = n0(γ)
such that for all n ≥ n0 with 4|n, t
3
2(n,K
3
4 − e) ≤ (1/2 + γ)n.
We now present an outline of the proof of Theorem 1.2, which uses the ab-
sorption technique introduced by Ro¨dl, Rucin´ski and Szemere´di [15]. First,
we remove a set U of vertex-disjoint copies of K34 − e from H satisfying the
conditions of the absorption lemma, Lemma 2.6, and call the resulting graph
H ′ with δ2(H
′) ≥ |H ′|/2. Next, we find vertex-disjoint copies of K34 − e cov-
ering all but at most 12 vertices of H ′. LetW be the set of ‘leftover’ vertices.
By the absorption property of U there is a (K34 − e)-factor in H[U ∪W ].
Hence, we obtain a (K34 − e)-factor in H as required.
We further conjecture that equality holds in Proposition 1.1.
Conjecture 1.3. For integers n > 8 with 4|n, t32(n,K
3
4 − e) = n/2− 1.
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2. Notations and preliminaries
In the remainder of the paper, we will only consider 3-graphs unless stated
otherwise. For simplicity, we write K4 and K
−
4 for K
3
4 and K
3
4 − e respec-
tively. We refer to the set {1, . . . , a} as [a] for a ∈ N.
For a 3-graph H and a vertex set U ⊆ V (H), H[U ] is the subgraph of H
induced by the vertices of U . We often write v to mean the set {v} when
there is no risk for confusion. For a 2-set T = {u, v}, the neighbourhood
N(T ) (or N(u, v)) of T is the set of vertices v such that T ∪ v is an edge
in H. Hence, deg(T ) = |N(T )| and similarly we write deg(u, v) = deg(T )
for T = {u, v}. Let V1, . . . , Vl be a partition of V (H). We say that an edge
v1v2v3 is of type Vi1Vi2Vi3 if vj ∈ Vij for j ∈ [3] and denote the number of
edges of type Vi1Vi2Vi3 by e(Vi1Vi2Vi3). Similarly, we define types for K
−
4 ,
where the location of the vertex of degree 3 does not matter. Given a 3-
set T , let L(T ) denote the set of vertices v such that H[T ∪ v] contains a
K−4 .
Proposition 2.1. Let H be a 3-graph of order n. Then for every edge e,
|L(e)| ≥ (3δ2(H)− n)/2.
Proof. Let e = xyz. For i = 0, 1, 2, 3, let ni denote the number of vertices
belonging to exactly i neighbourhoods of {x, y}, {x, z} and {y, z}. For
example, n3 = |N(x, y) ∩ N(x, z) ∩ N(y, z)|. Note that
∑
ni = n and∑
ini ≥ 3δ2(H). Thus, 2n3 + n2 ≥ 3δ2(H) − n. If a vertex v is in at least
two neighbourhoods of {x, y}, {x, z} and {y, z}, then H[{x, y, z, v}] contains
a K−4 . Thus, the proposition follows as |L(e)| = n2 + n3. 
The Tura´n number of K−4 , ex(n,K
−
4 ), is the maximum number of edges in
a K−4 -free 3-graph of order n. Currently, it is known that (2/7 + o(1))
(
n
3
)
≤
ex(n,K−4 ) ≤ (0.2871 + o(1))
(n
3
)
, where the lower bound is due to Frankl
and Fu¨redi [6] and the upper bound is due to Baber and Talbot [2]. If H
is a 3-graph of order n with e(H) > ex(n,K−4 ) + cn
3, then we have the
‘supersaturation’ phenomenon discovered by Erdo˝s and Simonovits [5].
Theorem 2.2 (Supersaturation). For every constant c > 0, there exists
a constant c′ > 0 such that every 3-graph H of order n with e(H) >
ex(n,K−4 ) + cn
3 contains at least c′n4 copies of K−4 . For every constant
c > 0, there exists a constant c′ > 0 such that every 3-graph H of order n
with e(H) > ex(n,K−4 ) + cn
3 contains at least c′n4 copies of K−4 .
Corollary 2.3. There exists a constant c′ > 0 such that every 3-graph H
of order n with e(H) > 0.3
(n
3
)
contains at least c′n4 copies of K−4 .
Given an integer i ≥ 1 and vertices x, y ∈ V (H), we say that the vertex
set S ⊆ V (H) is an (x, y)-connector of length i if S ∩{x, y} = ∅, |S| = 4i−1
and both H[S ∪x] and H[S ∪ y] contain K−4 -factors. Given an integer i ≥ 1
and a constant η > 0, two vertices x and y are (i, η)-close to each other
if there exist at least ηn4i−1 (x, y)-connectors of length i. We denote by
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N˜i,η(x) the set of vertices y that are (i, η)-close to x. A subset U ⊆ V is
said to be (i, η)-closed in H if every two vertices in U are (i, η)-close to each
other. Moreover, H is said to be (i, η)-closed if V (H) is (i, η)-closed in H. If
η is known from context, we simply write i-closed and N˜i(x) for (i, η)-closed
and N˜i,η(x) respectively. For X,Y ⊆ V , a triple (x, y, S) is an (X,Y )-bridge
of length i if x ∈ X, y ∈ Y and S is an (x, y)-connector of length i. If
u ∈ X ∩ Y , then we say (u, u, ∅) is an (X,Y )-bridge of length 0.
Next we study some basic properties of (i, η)-closeness.
Proposition 2.4. Let i ≥ 1 be an integer and let η, ε > 0 be constants. Let
n be a sufficiently large integer and let H be a 3-graph of order n. Suppose
that |N˜i,η(x)| ≥ εn for a vertex x ∈ V . Then, N˜i,η(x) ⊆ N˜i+1,η′(x) for some
constant η′ > 0.
Proof. Let y ∈ N˜i(x) and m = 4i−1. To prove the proposition, it is enough
to show that y is (i + 1, η′)-close to x for some η′ > 0. There are at least
ηnm (x, y)-connectors S of length i. Fix an (x, y)-connector S of length i.
Let z ∈ N˜i(x) \ (S ∪ {x, y}). There are at least ηn
m (x, z)-connectors S′ of
length i. Moreover, the number of S′ containing a vertex in S ∪ y is at most
(m + 1)nm−1 < ηnm/2. Hence, there are at least ηnm/2 (x, z)-connectors
S′ with S′ ∩ (S ∪ y) = ∅. Since H[S′ ∪ z] contains a K−4 -factor, there is a
3-set T ⊆ S′ such that z ∈ L(T ). By an averaging argument, the number of
K−4 vertex-disjoint from S ∪ {x, y} is at least
ηnm/2
nm−3
×
εn−m− 2
4
> ηεn4/16.
Recall that S is an (x, y)-connector of length i, so if U spans a K−4 in H
and U ∩ (S ∪ {x, y}) = ∅, then S ∪ U is an (x, y)-connector of length i+ 1.
Note also that there are
ηnm/2× ηεn4/16(m+4
4
) > η′nm+4
such choices S ∪ U for some constant η′ > 0. Hence, y is (i + 1, η′)-close
to x. 
Lemma 2.5. Let iX , iY > 0 and i ≥ 0 be integers and let ηX , ηY , η, ε > 0
be constants. Let n be a sufficiently large integer and let H be a 3-graph of
order n. Suppose that x and y are distinct vertices in V (H). Suppose there
are at least εn4i+1 copies of (X,Y )-bridges of length i, where X = N˜iX ,ηX (x)
and Y = N˜iY ,ηY (y). Then, x and y are (iX + iY + i, η0)-close to each other
for some η0 > 0. In particular, if |X∩Y | ≥ εn, then x and y are (iX+iY , η)-
close to each other for some η > 0.
Furthermore, if X and Y are (iX , ηX)-closed and (iY , ηY )-closed in H
and |X|, |Y | ≥ εn, then X ∪ Y is (iX + iY + i, η)-closed in H.
Proof. Let i0 = iX+iY +i and let η0 > 0 be a sufficiently small constant. Let
m0 = 4i0−1, m = 4i−1, mX = 4iX−1 andmY = 4iY −1. There are at most
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(m + 2)nm+1 < εnm+2 copies of (X,Y )-bridges (x′, y′, S) of length i with
{x, y} ∩ (S ∪ {x′, y′}) 6= ∅. Hence, the number of (X,Y )-bridges (x′, y′, S)
with x′ ∈ X \ (S ∪ {x, y}) and y′ ∈ Y \ (S ∪ {x, y}) is at least εnm+2/2.
Fix one such (X,Y )-bridge (x′, y′, S). Since x′ ∈ X \ x, the number of
(x, x′)-connectors SX of length iX such that SX ∩ (S ∪ {x, x
′, y, y′}) = ∅ is
at least
ηXn
mX − (m+ 4)nmX−1 ≥ ηXn
mX/2
and fix one such SX . Similarly, the number of (y, y
′)-connectors SY of length
iY such that SY ∩ (S ∪ SX ∪ {x, x
′, y, y′}) = ∅ is at least
ηY n
mY − (mX +m+ 4)n
mY −1 ≥ ηY n
mY /2
and fix one such SY . Set S0 = SX ∪ SY ∪ S ∪ {x
′, y′}. Note that S0 is an
(x, y)-connector of length i0. Moreover, there are at least
1( m0
m,1,1,mX ,mY
) × εnm+2
2
×
ηXn
mX
2
×
ηY n
mY
2
≥ ηnm0
distinct S0, so x and y are (i0, η0)-close to each other. The second assertion
holds as (z, z, ∅) is an (X,Y )-bridge of length 0 for z ∈ X ∩ Y . Finally, the
last assertion holds by Proposition 2.4. 
We now state the absorption lemma for K−4 -factors, which is a special
case of Lemma 1.1 in [13]. We present its proof for completeness.
Lemma 2.6 (Absorption lemma). Let i ≥ 1 be an integer and let η > 0 be
a constant. Then, there is an integer n0 satisfying the following: Suppose
that H is a 3-graph of order n ≥ n0 and H is (i, η)-closed. Then there
exists a vertex subset U ⊆ V (H) of size |U | ≤ η4n/(3 × 28i) such that
H[U ∪ W ] contains a K−4 -factor for every vertex set W ⊆ V \ U of size
|W | ≤ η8n/(21232i2) with |W |+ |U | = 0 (mod 4).
Proof. Let H be a 3-graph of order n ≥ n0 such that H is (i, η)-closed.
Throughout the proof we may assume that n0 is chosen to be sufficiently
large. Set m1 = 4i − 1 and m = 3m1 + 3 = 12i. Furthermore, call an
m-set A ∈
(V
m
)
an absorbing m-set for a 4-set T ∈
(V
4
)
if A ∩ T = ∅ and
both H[A] and H[A ∪ T ] contain K−4 -factors. Denote by L(T ) the set of
all absorbing m-sets for T . Next, we show that for every 4-set T , there are
many absorbing m-sets for T .
Claim 2.7. For every 4-set T ∈
(V
4
)
, |L(T )| ≥ (η/2)4
(n
m
)
.
Proof. Let T = {v1, v2, v3, v4} be a fixed 4-set. Since v1 and u are (i, η)-
connected for u /∈ T , the number of m1-sets S such that H[S ∪ v1] contains
a K−4 -factor is at least ηn
m1 . Hence, by an averaging argument there are
at least ηn3 copies of K−4 containing v1. Since n0 is large, there are at
most 3n2 ≤ ηn3/2 copies of K−4 containing v1 and vj for some 2 ≤ j ≤ 4.
Thus, there are at least ηn3/2 copies of K−4 containing v1 but none of v2,
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v3, v4. We fix one such copy of K
−
4 with V (K
−
4 ) = {v1, u2, u3, u4}. Set
U1 = {u2, u3, u4} and W0 = T .
For each 2 ≤ j ≤ 4 and each pair uj , vj suppose we have succeed in
choosing an m1-set Uj such that Uj is disjoint from Wj−1 = Uj−1 ∪Wj−2
and both H[Uj ∪ uj ] and H[Uj ∪ vj] contain K
−
4 -factors. Then for a fixed
2 ≤ j ≤ 4 we call such a choice Uj good, motivated by A =
⋃
1≤j≤4 Uj being
an absorbing m-set for T .
In each step 2 ≤ j ≤ 4, recall that uj is (i, η)-closed to vj , so the number
of m1-sets S such that H[S ∪ uj] and H[S ∪ vj ] contain K
−
4 -factors is at
least ηnm1 . Note that there are 7 + (j − 2)m1 vertices in Wj−1. Thus, the
number of such m1-sets S intersecting Wj−1 is at most
(7 + (j − 2)m1)n
m1−1 ≤ (7 + 2m1)n
m1−1 < ηnm1/2.
For each 2 ≤ j ≤ 4 there are at least ηnm1/2 choices for Uj and in total
we obtain (η/2)4nm absorbing m-sets for T with multiplicity at most m!, so
the claim holds. 
Now, choose a family F of m-sets by selecting each of the
(n
m
)
possible m-
sets independently at random with probability p = η4n/(27m2
(n
m
)
). Then,
by Chernoff’s bound (see e.g. [1]) with probability 1 − o(1) as n → ∞, the
family F satisfies the following properties:
|F| ≤η4n/(26m2) (1)
and
|L(T ) ∩ F| ≥η8n/(212m2) (2)
for all 4-sets T . Furthermore, we can bound the expected number of inter-
secting m-sets by (
n
m
)
×m×
(
n
m− 1
)
× p2 ≤
3η8n
214m2
.
Thus, using Markov’s inequality, we derive that with probability at least 1/2
F contains at most
η8n
213m2
intersecting pairs. (3)
Hence, with positive probability the family F has all properties stated in
(1), (2) and (3). By deleting all the intersecting m-sets and non-absorbing
m-sets in such a family F , we get a subfamily F ′ consisting of pairwise
vertex-disjoint m-sets, which satisfies
|L(T ) ∩ F ′| ≥
η8n
212m2
−
3η8n
214m2
=
η8n
214m2
for all 4-sets T . Set U = V (F ′) and so |U | ≤ η4n/(26m) by (1). Since
F ′ consists only of absorbing m-sets, H[U ] has a K−4 -factor. So |U | = 0
(mod 4). For any set W ⊆ V \U of size |W | ≤ η8n/(212m2) and |W | ∈
4Z, W can be partition into at most η8n/(214m2) 4-sets. Each 4-set can
MINIMUM CODEGREE THRESHOLD FOR (K3
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be successively absorbed using a different absorbing m-set, so H[U ∪ W ]
contains a K−4 -factor. 
3. A lower bound on t32(n,K
3
4 − e)
In this section, we are going to bound t32(n,K
−
4 ) from below, thereby
proving Proposition 1.1.
Proof of Proposition 1.1. For integers a, b > 0, let A and B be two disjoint
vertex sets with |A| = a and |B| = b. We define a 3-graph Ha,b on the
vertex set A ∪ B such that every edge contains odd number of vertices
in B. Hence, every edge in Ha,b is of type AAB or BBB. Note that
δ2(Ha,b) = min{b, a−1, b−2} by considering deg(v, v
′), deg(v,w), deg(w,w′)
for distinct v, v′ ∈ A and distinct w,w′ ∈ B. Moreover, every K−4 in Ha,b is
of type AAAB or BBBB and so every K−4 in Ha,b contains exactly 0 or 3
vertices of A. Thus, Ha,b does not contain a K
−
4 -factor if a 6= 0 (mod 3).
Recall that n = 0 (mod 4). If n 6= 0 (mod 3), then t32(n,K
−
4 ) > n/2 − 2
by considering Hn/2,n/2. If n = 0 (mod 3), then t
3
2(n,K
−
4 ) > n/2 − 2 by
considering Hn/2−1,n/2+1. 
Remark 3.1. Actually, to show that t32(n,K
−
4 ) ≥ n/2−1 for n = 1 (mod 3),
we could consider Hn/2−1,n/2+1 instead of Hn/2,n/2. This can be done since
n/2 = 2 (mod 3) and so n/2− 1 6= 0 (mod 3). In fact, for n = 1 (mod 3),
we can define a family of 3-graphs H with δ2(H) = n/2 − 2 with no K
−
4 -
factors as follows. Let A = {v1, . . . , vn/2−1} and B = {w1, . . . , wn/2} be two
disjoint vertex sets. Let z be a vertex disjoint from A and B. For a given
integer 1 ≤ l ≤ n/2, define Hl to be the 3-graph on A ∪ B ∪ z with edge set
E(Hl) = E1 ∪ E2 ∪ E3 such that
E1 =
{
T ∈
(
A ∪B
3
)
: |T ∩B| = 1 (mod 2)
}
,
E2 = {zvivj , zwiwj : i < min{j, l}},
E3 = {zviwj : l ≤ min{i, j}}.
(Notice that H1 = Hn/2,n/2 and Hn/2−1 = Hn/2−1,n/2+1.) Note that N(z, vi) =
A \ vi for i < l and N(z, vi) = {v1, v2, . . . , vl−1, wl, wl+1, . . . , wn/2} for i ≥ l.
Thus, deg(z, v) ≥ |A| − 1 = n/2 − 2 for v ∈ A, and by a similar argument
deg(z, w) ≥ n/2 − 2 for w ∈ B. Note that Hl[A ∪ B] is isomorphic to
Hn/2−1,n/2. Hence, δ(Hl) = n/2− 2.
Next, we are going to show that Hl does not contain a K
−
4 -factor. Suppose
the contrary, Hl contains a K
−
4 -factor. Note that every K
−
4 in Hl[A ∪ B]
is of type AAAB or BBBB. Since |A| = n/2 − 1 = 1 (mod 3) and Hl
contains a K−4 -factor, there exists a K
−
4 with vertex set {z, vi, wj , wk} for
some i, j, k ∈ [n/2] with j < k. Note that viwjwk is not an edge in Hl, so
zviwj , zviwk, zwjwk are edges in Hl. By the definition of E2, we deduce
that j < l as zwjwk ∈ E(Hl). This is a contradiction as zviwj ∈ E(Hl).
Therefore Hl does not contain a K
−
4 -factor.
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4. An upper bound on t32(n,K
3
4 − e)
In the next theorem, we study the relationship between δ2(H) and the
number of the vertex-disjoint copies of K−4 in H. Note that |V (H)| is not
assumed to be divisible by 4 in the hypothesis.
Theorem 4.1. Let l and n be integers with 0 ≤ l ≤ (n− 13)/4. Let H be a
3-graph of order n with δ2(H) > (n + 2l − 2)/3. Then, there exist at least l
vertex-disjoint copies of K−4 in H.
Proof. Let T be a set of vertex-disjoint copies of K−4 and edges in H. Let
T1 and T2 be the set of K
−
4 and edges of T respectively. If |T1| ≥ l, then
we are done. Hence, we may assume that |T1| < l for all T . We define
the weighting w(T ) of T to be w(T ) = 5|T1| + 2|T2|. We assume that T is
chosen such that w(T ) is maximum.
First, we are going to show that |T2| < 4. Suppose the contrary, so there
are 4 disjoint edges e1, e2, e3, e4 ∈ T2. Note that if v ∈ L(ei) for some
1 ≤ i ≤ 4, then v ∈ V (T1). Otherwise, T
′ = (T \ {ei, e0}) ∪ {V (ei) ∪ v}
contradicts the maximality of w(T ), where e0 is the edge in T2 that contains
v if it exists. By Proposition 2.1, |L(ei)| ≥ (3δ2(H)−n)/2 > l−1 for i ∈ [4].
Thus, there exists S = {v1, v2, v3, v4} ∈ T1 such that
∑
i∈[4] |L(ei) ∩ S| ≥ 5.
Without loss of generality, we may assume by the Ko¨nig-Egerva´ry Theorem
(see [3] Theorem 8.32) that v1 ∈ L(e1) and v2 ∈ L(e2). Set T
′ = (T \
{S, e1, e1}) ∪ {V (e1) ∪ v1, V (e2) ∪ v2}. Note that
w(T ′) = w(T )− (5 + 2 + 2) + (5 + 5) = w(T ) + 1,
a contradiction. Thus, we have |T2| < 4.
Note that
|V \ V (T )| ≥ n− 4|T1| − 3|T2| ≥ n− 4(l − 1)− 9 = n− 4l − 5 ≥ 8.
Let x1, . . . , x4, y1, . . . , y4 be distinct vertices in V \ V (T ). Since w(T )
is maximum, N(xi, yi) ⊆ V (T ). If
∑
i∈[4] |N(xi, yi) ∩ V (T2)| > 4|T2|, there
exists an edge e ∈ T2 such that
∑
i∈[4] |N(xi, yi)∩ V (e)| ≥ 5. By the Ko¨nig-
Egerva´ry Theorem, we may assume that x1y1v1 and x2y2v2 are edges for
distinct vertices v1, v2 ∈ V (e). Hence, w(T
′) = w(T ) + 2, where T ′ = T \
e ∪ {x1y1v1, x2y2v2}, a contradiction. Therefore,
∑
i∈[4] |N(xiyi) ∩ V (T2)| ≤
4|T2|. Recall that |T2| ≤ 3 and so∑
i∈[4]
|N(xi, yi) ∩ V (T1)| ≥ 4δ2(H)− 12 > 8|T1|.
By an averaging argument, there exists S = {v1, v2, v3, v4} ∈ T1 such that∑
|N(xi, yi) ∩ S| ≥ 9. Again by the Ko¨nig-Egerva´ry Theorem, we may
assume without loss of generality that xiyivi is an edge for i ∈ [3]. Set
T ′ = (T \ S) ∪ {x1y1v1, x2y2v2, x3y3v3}.
Note that w(T ′) − w(T ) ≥ 3 × 2 − 5 = 1, a contradiction. This completes
the proof of the theorem. 
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Next, we are going to prove Theorem 1.2. We proceed by the absorption
technique of Ro¨dl, Rucin´ski and Szemere´di [15]. We require the following
lemma, which is proven in Section 5.
Lemma 4.2. Let γ > 0 and let H be a 3-graph of sufficiently large order
n with δ2(H) ≥ (1/2 + γ)n. Then, H is (i, η)-closed for some integer i and
constant η > 0.
Proof of Theorem 1.2. Let γ > 0 and let H be a 3-graph H of sufficiently
large order n with 4|n and δ2(H) ≥ (1/2 + γ)n. In order to prove Theo-
rem 1.2, it is enough to show that H contains a K−4 -factor. By Lemma 4.2,
H is (i, η)-closed for some i and η > 0. We may further take η to be suffi-
ciently small (η4/(3× 28i) < γ would do). Let U be the vertex set given by
Lemma 2.6 and so |U | ≤ η4n/(3 × 28i). Let H ′ = H[V (H) \ U ]. Note that
δ2(H
′) ≥ (1/2 + γ − η4/(3× 28i))n ≥ n′/2
where n′ = n − |U |. There exists a family T of vertex-disjoint copies of
K−4 in H
′ covering all but at most 16 vertices by Theorem 4.1. Let W =
V (H ′) \ V (T ), so |W | ≤ 16. By Lemma 2.6, there exists a K−4 -factor T
′ in
H[U ∪W ]. Thus, T ∪ T ′ is a K−4 -factor in H. 
5. Proof of Lemma 4.2.
Let γ > 0 and let H be a 3-graph of sufficiently large order n with
δ2(H) ≥ (1/2 + γ)n. Our aim is to show that H is (i, η)-closed for some i
and η > 0 proving Lemma 4.2. Its proof is divided into the following steps.
First we show that we can partition V (H) into at most 3 vertex classes such
that each class is (⌈4/γ⌉ + 2, η)-closed in H and has size at least n/4. If
there is only one vertex class, then we are done. When there are two or
three vertex classes, we show that H is (i′, η′)-closed using Lemma 5.6 and
Lemma 5.7 respectively for some integer i′ and constant η′ > 0.
Recall that N˜i,η(v) is the set of vertices that are (i, η)-closed to v. First,
we show that the size of N˜1,γ2/12(v) is at least (1/4 + γ)n for every v ∈ V .
Proposition 5.1. Let γ > 0 and let H be a 3-graph of order n > 8/γ with
δ2(H) ≥ (1/2 + γ)n. Then, for v ∈ V there are at least (1/4 + γ)n vertices
y such that y is (1, γ2/12)-close to v.
Proof. Write δ = δ2(H) and V
′ = V \ v. Let {x, y} ∈ N(v), i.e. vxy is an
edge. Note that there are at least δ(n − 1)/2 ≥ n2/4 such pairs. For z ∈
N(x, y)∩N(v, x), H[{v, x, y, z}] contains a K−4 . Since |N(x, y)∩N(v, x)| ≥
2γn, there are at γn3/6 edges e = xyz such that v ∈ L(e).
Let G be a bipartite 2-graph with the following properties. The vertex
classes of G are V ′ and E′, where E′ is a set of edges e such that v ∈ L(e).
For y ∈ V ′ and e ∈ E′, {y, e} is an edge in G if and only if y ∈ L(e). Note
that |E′| ≥ γn3/6. For e ∈ E′
dG(e) = |L(e) \ v| ≥ (1/4 + 3γ/2) n− 1 > (1/4 + 11γ/8) n
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by Proposition 2.1. We claim that there are more than (1/4 + γ)n vertices
y ∈ V ′ with dG(y) ≥ γ|E′|/2. Indeed, it is true or else we have
(1/4 + 11γ/8) n|E′| < e(G) ≤ γ|E′|/2 × (3/4 − γ)n + |E′|(1/4 + γ)n,
a contradiction. Note that y ∈ V ′ is (1, dG(y)/n3)-close to v, so the propo-
sition follows. 
We are going to partition V into at most three classes such that each class
is of size at least (1/4 + γ)n and (⌈4/γ⌉ + 2, η)-closed in H for some η > 0.
Lemma 5.2. Let γ > 0 and let H be a 3-graph of order n with δ2(H) ≥
(1/2 + γ)n. Then, there exist a constant η > 0 and a vertex partition of V
into at most three classes such that each class W is (⌈4/γ⌉+ 2, η)-closed in
H and |W | ≥ (1/4 + 3γ/4)n.
Proof. Throughout this proof, η1, . . . , η⌈4/γ⌉+2 is assumed to be a decreasing
sequence of strictly positive sufficiently small constants. We write i-close to
mean (i, ηi)-close and recall that N˜i(x) is the set of vertices y that are i-close
to x. If |N˜2(v)| ≥ (1 + γ)n/2 for all v ∈ V , then |N˜2(v) ∩ N˜2(u)| ≥ γn for
u, v ∈ V . Thus, H is 4-closed by Lemma 2.5. Hence, we may assume that
there exists a vertex v such that |N˜2(v)| < (1 + γ)n/2. Let U be the set of
vertices u ∈ N˜1(v) such that
|N˜1(u) ∩ N˜2(v)| ≥ (1/4 + γ/3)n.
Claim 5.3. The size of U is at least (1 + 3γ)n/4 and U is 2-closed in H.
Proof of claim. Note that if |N˜1(w) ∩ N˜1(v)| ≥ γ
2n/6 for w ∈ V \ v, then
w ∈ N˜2(v) by Lemma 2.5. Thus, for each w /∈ N˜2(v),
|N˜1(v) ∩ N˜1(w)| < γ
2n/6.
Therefore, by summing over all w /∈ N˜2(v), we have∑
u∈N˜1(v)
|N˜1(u) \ N˜2(v)| =
∑
w/∈N˜2(v)
|N˜1(v) ∩ N˜1(w)| < γ
2n2/6. (4)
Since |N˜1(u
′)| ≥ (1/4+γ)n for u′ ∈ V by Proposition 5.1, for u′ ∈ N˜1(v)\U
|N˜1(u
′) \ N˜2(v)| = |N˜1(u
′)| − |N˜1(u
′) ∩ N˜2(v)| > 2γn/3.
Therefore, by summing over u′ ∈ N˜1(v) \ U and (4), we have
2γn|N˜1(v) \ U |/3 ≤
∑
u′∈N˜1(v)\U
|N˜1(u
′) \ N˜2(v)| ≤
∑
u∈N˜1(v)
|N˜1(u) \ N˜2(v)| < γ
2n2/6.
Again recall Proposition 5.1 that |N˜1(v)| ≥ (1/4+γ)n, so |U | ≥ (1+3γ)n/4
as desired. Furthermore, for u, u′ ∈ U , we have
|N˜1(u) ∩ N˜1(u
′)| ≥ |N˜1(u) ∩ N˜2(v)| + |N˜1(u
′) ∩ N˜2(v)| − |N˜2(v)| ≥ γn/6
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as |N˜2(v)| < (1 + γ)n/2. Hence, u and u
′ are 2-close to each other by
Lemma 2.5. 
Set U0 = U . For an integer i ≥ 1, we define Ui to be the set of vertices
u′ /∈ Wi−1 such that |N˜1(u
′) ∩Wi−1| ≥ γn/4, where Wj′ is the set
⋃j′
j=0 Uj.
By Lemma 2.5 and an induction on i, we deduce that H[Wi] is (i+2)-closed
in H. Let i0 be the smallest integer such that |Ui0 | < γn/4. Since U0, U1, . . .
are disjoint sets, 1 ≤ i0 ≤ ⌈4/γ⌉. If Wi0 = V (H), then H is (i0 + 2)-closed
and so H is (⌈4/γ⌉ + 2)-closed by Proposition 2.4. Thus, we may assume
that V (H) 6=Wi0 . Note that |Wi0 | ≥ |U | ≥ (1+3γ)n/4. For every w /∈Wi0 ,
we have
|N˜1(w) \Wi0 | ≥ |N˜1(w)| −
∣∣∣N˜1(w) ∩Wi0−1∣∣∣− |Ui0 |
≥ (1/4 + γ)n− γn/4− γn/4 = (1/4 + γ/2)n.
Let V ′ = V \Wi0 . Note that |V
′| ≤ 3n/4 and |N˜1(u) ∩ V
′| ≥ (1/4 + γ/2)n
for all u ∈ V ′. Thus, we are done by repeating the whole argument at most
twice by replacing V with V ′. 
To prove Lemma 4.2, it is sufficient to consider the case when there are
two or three partition classes satisfying the conditions in Lemma 5.2. Recall
that an (X,Y )-bridge of length i is a triple (x, y, S) such that x ∈ X, y ∈ Y
and S is an (x, y)-connector of length i. To prove Lemma 4.2, it is enough by
Lemma 2.5 to show that there are at least εn4i+1 (X,Y )-bridges of length i
for some ε > 0, where X and Y are the partition classes satisfying the
conditions in Lemma 5.2.
We need the lemma below. Recall that L(e) is the set of vertices v such
that V (e) ∪ v spans a K−4 in H and |L(e)| ≥ (1/4 + γ)n by Proposition 2.1.
Lemma 5.4. Let γ, c1, c2, c3, c4, ε1, ε
′
2, ε2, ε3, ε
′
3ε4 > 0 be constants such that
ε1 < min{ε2, ε3}, c1 + ε2 < c2 < c3ε
′
3,
max{2ε1 + ε
′
3, 4ε
′
2} < 3γ, 2c1 < c3 < min{c4ε4/2− ε3}.
Let n be a sufficiently large integer and let H be a 3-graph of order n with
δ2(H) ≥ (1/2 + γ)n. Suppose that V (H) is partitioned into X and Y with
n/4 ≤ |X| ≤ n/2 ≤ |Y |. Furthermore, at least one of the following condi-
tions holds:
(i) there are c1n
3 edges e such that |L(e) ∩X| ≥ ε1n and |L(e) ∩ Y | ≥
ε1n,
(ii) there are c2n
4 copies T of K4 such that |T ∩X| = 2 = |T ∩ Y |,
(iii) there are c3n
3 edges xyy′ of type XY Y such that |L(xyy′)∩X| ≥ ε3n,
(iv) there are c4n
3 edges xx′y of type XXY such that |L(xx′y)∩Y | ≥ ε4n.
Then, there exists ε ≥ 0 such that the number of (X,Y )-bridges of length 1
is at least εn5.
Proof. Write δ = δ2(H). We consider each condition one by one.
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(i) There exist c1n
3 edges e such that |L(e) ∩X| ≥ ε1n and |L(e) ∩ Y | ≥
ε1n. For each such edge e, (x, y, V (e)) is an (X,Y )-bridge for x ∈ L(e) ∩X
and y ∈ L(e) ∩ Y . Therefore, there are at least c1ε
2
1n
5 (X,Y )-bridges of
length 1.
(ii) There exist c2n
4 copies T of K4 such that |T ∩ X| = 2 = |T ∩ Y |.
There are at least (c2 − ε2)n
3 edges e of type XXY contained in at least
ε2n copies of these K4. Otherwise, the number of these K4 is at most
(c2 − ε2)n
3 × n+ (1− c2 + ε2)n
3 × ε2n < c2n
4,
a contradiction. Note that for each such edge e, |L(e) ∩ Y | ≥ ε2n. By (i),
we may assume that there are at least (c2− ε2− c1)n
3 edges e of type XXY
contained in at least ε2n copies of these K4 with |L(e) ∩X| ≤ ε1n. Fix one
such edge xx′y and let y′ ∈ Y such that H[{x, x′, y, y′}] is a K4. Note that
there are (c2 − ε2 − c1)ε2n
4/2 choices for x, x′, y and y′.
Claim 5.5. One of L(xx′y) ∩X, L(xx′y′) ∩X, L(xyy′) ∩ Y , L(x′yy′) ∩ Y
is of size at least ε′2n.
Proof of claim. Suppose that the claim is false. Note that
2ε′2n ≥ 2|L(xx
′y) ∩X|
≥ |N(x, x′) ∩X|+ |N(x, y) ∩X|+ |N(x′y) ∩X| − |X|
≥ |N(x, y) ∩X|+ |N(x′, y) ∩X| − |X|.
Since |N(x, y)∩X| ≥ δ−|N(x, y)∩Y | and |N(x′, y)∩X| ≥ δ−|N(x′, y)∩Y |,
we have
|N(x, y) ∩ Y |+ |N(x′, y) ∩ Y | ≥ 2δ − |X| − 2ε′2n. (5)
Similarly,
|N(x, y′) ∩ Y |+ |N(x′, y′) ∩ Y | ≥ 2δ − |X| − 2ε′2n. (6)
In addition, we have
2ε′2n+ |Y | ≥ |N(x, y) ∩ Y |+ |N(x, y
′) ∩ Y |+ |N(y, y′) ∩ Y |, (7)
2ε′2n+ |Y | ≥ |N(x
′, y) ∩ Y |+ |N(x′, y′) ∩ Y |+ |N(y, y′) ∩ Y | (8)
as |L(xyy′)∩Y |, |L(x′yy′)∩Y | ≤ ε′2n respectively. Recall that |X|+ |Y | = n,
|X| ≤ |Y | and |N(y, y′) ∩ Y | ≥ δ − |X|. Together with (5), (6), (7) and (8),
we have
6δ ≤4|X|+ 2|Y |+ 8ε′2n ≤ 3n + 8ε
′
2n
a contradiction. 
Recall that there are (c2− ε2− c1)ε2n
4/2 choices of {x, x′, y, y′}. Suppose
that at least (c2−ε2−c1)ε2n
4/8 copies of K4 = {x, x
′, y, y′} with |L(xx′y)∩
X| ≥ ε′2n. Let u ∈ L(xx
′y) ∩ X. Note that (u, y′, {x, x′, y′}) is an (X,Y )-
bridge. Thus, the number of (X,Y )-bridges (of length 1) is at least (c2 −
ε2 − c1)ε2ε
′
2n
5/24. Therefore, we may assume without loss of generality
that there are at least (c2 − ε2 − c1)ε2n
4/8 copies of K4 = {x, x
′, y, y′} with
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|L(xyy′) ∩ Y | ≥ ε′2n. Let u ∈ L(xyy
′) ∩ Y . Note that (x′, u, {x, y, y′}) is an
(X,Y )-bridge. Again, the number of (X,Y )-bridges is at least (c2 − ε2 −
c1)ε2ε
′
2n
5/24.
(iii) There exist c3n
3 edges xyy′ of type XY Y such that |L(xyy′) ∩X| ≥
ε3n. By (i), we may assume that there are at least c3n
3/2 edges xyy′ of type
XY Y such that |L(xyy′) ∩ Y | < ε1n. Since xyy
′ is an edge and |L(xyy′) ∩
Y | < ε1n, we have
|N(x, y) ∩ Y |+ |N(x, y′) ∩ Y |+ |N(y, y′) ∩ Y | − |Y | ≤ 2|L(xyy′) ∩ Y | < 2ε1n.
Assume that |N(x, y) ∩N(xy′) ∩N(y, y′) ∩X| ≤ ε′3n and so
|N(x, y) ∩X|+ |N(x, y′) ∩X|+ |N(y, y′) ∩X| − 2|X| ≤ ε′3n.
Since |X|+ |Y | = n and |X| ≤ n/2 ≤ |Y |, (by combining the two inequalities
above together) we have
3δ ≤ deg(x, y) + deg(x′, y) + deg(x, x′) < 2|X| + |Y |+ 2ε1n+ ε
′
3n
≤ (3/2 + 2ε1 + ε
′
3)n,
a contradiction. Thus, we have |N(x, y) ∩ N(x, y′) ∩ N(y, y′) ∩ X| ≥ ε′3n.
Note that for each u ∈ N(x, y)∩N(x, y′)∩N(y, y′)∩X, the set {u, x, y, y′}
spans a K4 in H. Thus, there are at least c3ε
′
3n
4/2 ≥ c2n
4 copies of K4 with
two vertices in each of X and Y . Therefore, we are done by (ii).
(iv) There exist c4n
3 edges xx′y of type XXY such that |L(xx′y)∩ Y | ≥
ε4n. Hence, there are at least c4ε4n
4/2 copies of K−4 of type XXY Y . Since
every K−4 of type XXY Y contains an edge of type XY Y , there are at c3n
3
edges xyy′ of type XY Y such that |L(xyy′) ∩ X| ≥ ε3n. Otherwise, the
number of K−4 of type XXY Y is at most
c3n
3 × n+ n3 × ε3n < c4ε4n
4/2,
a contradiction. Thus, we are in case (iii). 
First, we consider the case when Lemma 5.2 gives exactly two partition
classes as its proof will form the framework for the case when there are three
partition classes.
Lemma 5.6. Let iX , iY > 0 be integers and let ηX , ηY , γ > 0 be constants.
Let n be a sufficiently large integer and let H be a 3-graph of order n with
δ2(H) ≥ (1/2 + γ)n. Suppose that V is partitioned into X and Y with
n/4 ≤ |X| ≤ n/2 ≤ |Y |. Furthermore, suppose that X and Y are (iX , ηX)-
closed and (iY , ηY )-closed in H respectively. Then H is (i0, η)-closed for
some integer i0 ≤ 3max{iX , iY }+ 1 and constant η > 0.
Proof. Write δ = δ2(H). Let c1, c2, c3, c4, ε1, ε2, ε
′
2, ε3, ε
′
3, ε4, ε5, ε
′
5 > 0 be
sufficiently small constants satisfying the following six inequalities:
ε1 < min{ε2, ε3}, c1 + ε2 < c2 < c3ε
′
3,
max{4ε′2, 2ε1 + ε
′
3} < 3γ, 2c1 < c3 < min{c4ε4/2− ε3, 2
−11ε′5 − ε3},
ε5 ≤ γ/384, ε
′
5 < 1/10.
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Hence, they also satisfy the hypothesis of Lemma 5.4. In addition, through-
out this proof, η1, η2, . . . is assumed to be a decreasing sequence of strictly
positive sufficiently small constants. Recall that an (X,Y )-bridge of length i
is a triple (x, y, S) such that x ∈ X, y ∈ Y and S is an (x, y)-connector of
length i. By Lemma 2.5, to prove the lemma it is enough to show that
there are at least εn4i+1 (X,Y )-bridges of length i for some i, ε > 0. We
may further assume that none of conditions (i)–(iv) in Lemma 5.4 holds,
otherwise we are done. Recall that n/4 ≤ |X| ≤ n/2 ≤ |Y |. For every pair
of vertices x, x′ ∈ X, |N(x, x′) ∩ Y | ≥ δ − |X| ≥ γn and so e(XXY ) ≥(|X|
2
)
(δ − |X|) ≥ γn3/32, where we recall that e(V1V2V3) is the number of
edges of type V1V2V3. Similarly, e(XY Y ) ≥ |X||Y |(δ − |X|)/2 ≥ γn
3/32 as
|N(x, y) ∩ Y | ≥ δ − |X| ≥ γn for x ∈ X and y ∈ Y . In summary,
e(XXY ), e(XY Y ) ≥ γn3/32.
Further recall Proposition 2.1 that |L(e)| ≥ (1/4+ γ)n for all edges e. Since
neither condition (i) nor (iv) in Lemma 5.4 holds and e(XXY ) ≥ γn3/32,
there are at least γn4/384 ≥ ε5n
4 copies of K−4 of type XXXY . Similarly,
there are at least γn4/384 ≥ ε5n
4 copies of K−4 of type XY Y Y as neither
condition (i) nor (iii) in Lemma 5.4 holds and e(XY Y ) ≥ γn3/32. Next,
we split the argument into cases depending on the number of K−4 of types
XXXX and Y Y Y Y .
(a) There are c′n4 copies of K−4 of type XXXX, where c
′ is the constant
defined in Corollary 2.3. Let mX = 4iX − 1 and mY = 4iY − 1. Recall
that there are at least ε5n
4 copies of K−4 of type XXXY . Pick two vertex-
disjoint K−4 , T = {x1, x2, x3, x4} of type XXXX and T
′ = {x′1, x
′
2, x
′
3, y
′}
of type XXXY . Since x1 is (iX , ηX)-close to x
′
1, there exist at least
ηXn
mX − 8nmX−1 ≥ ηXn
mX/2
copies of (x1, x
′
1)-connectors S1 with S1 ∩ (V (T )∪V (T
′)) = ∅. Fix one such
S1. Similarly, for i = 2, 3 we can find an (xi, x
′
i)-connector Si such that
Si ∩ (V (T ) ∪ V (T
′) ∪ S1) = ∅ and S2 ∩ S3 = ∅. Furthermore, there are at
least (ηXn
mX/2)2 choices for the pair (S2, S3). Set
S = S1 ∪ S2 ∪ S3 ∪ {x1, x2, x3, x
′
1, x
′
2, x
′
3}.
Note that there is a K−4 -factor in H[S∪y
′] as there is a K−4 -factor in each of
H[T ] and H[x′i ∪ Si] for i = 1, 2, 3. Also, there is a K
−
4 -factor in H[S ∪ x4].
Thus, (x4, y
′, S) is an (X,Y )-bridge of length 3iX + 1. Moreover, there are
ε5c
′η3Xn
3mX+8/(32(3mX + 8)!) such (X,Y )-bridges.
(b) There are c′n4 copies of K−4 of type Y Y Y Y . We are done by an
argument similar to the one used in (a).
(c) Neither (a) nor (b) holds. By Corollary 2.3, we have e(H[X]) ≤
0.3
(
|X|
3
)
and e(H[Y ]) ≤ 0.3
(
|Y |
3
)
. Thus,
e(XXY ) ≥ (δ − 0.3|X|)
(
|X|
2
)
and e(XY Y ) ≥ (δ − 0.3|Y |)
(
|Y |
2
)
.
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For x, x′ ∈ X and y, y′ ∈ Y , define a(x, x′, y, y′) to be the number of edges in
H[{x, x′, y, y′}]. Note that if a(x, x′, y, y′) ≥ 3, then H[{x, x′, y, y′}] contains
a K−4 . We sum a(x, x
′, y, y′) over all x, x′ ∈ X and y, y′ ∈ Y , so each edge
of type XXY (and XY Y ) is counted |Y | − 1 (and |X| − 1) times, i.e.∑
a(x, x′, y, y′) = (|Y | − 1)e(XXY ) + (|X| − 1)e(XY Y )
≥
1
2
(|X| − 1)(|Y | − 1)(δ(|X| + |Y |)− 0.3(|X|2 + |Y |2))
=
1
2
(|X| − 1)(|Y | − 1)(δn − 0.3(|X|2 + |Y |2)). (9)
If
∑
a(x, x′, y, y′) > (2+4ε′5)
(|X|
2
)(|Y |
2
)
, then there are at least ε′5
(|X|
2
)(|Y |
2
)
≥
2−10ε′5n
4 copies of 4-sets {x, x′, y, y′} such that e(H[{x, x′, y, y′}]) = a(x, x′, y, y′) ≥
3 as |X|, |Y | ≥ n/4. Note that H[{x, x′, y, y′}] contains a K−4 . By an av-
eraging argument there are at least (2−11ε′5 − ε3)n
3 ≥ c3n
3 edges e of type
XY Y with |L(e)∩X| ≥ ε3n. This implies that condition (iii) in Lemma 5.4
holds, a contradiction. Thus, we may assume that
∑
a(x, x′, y, y′) ≤ (2 +
4ε′5)
(|X|
2
)(|Y |
2
)
. Recall that n/4 ≤ |X| = n− |Y | and δ ≥ n/2. Therefore, (9)
becomes
(2 + 4ε′5)
(
|X|
2
)(
|Y |
2
)
≥
1
2
(|X| − 1)(|Y | − 1)(δn − 0.3(|X|2 + |Y |2)),
(1 + 2ε′5)|X||Y | ≥ δn − 0.3(|X|
2 + |Y |2),
ε′5n
2 ≥ n2/2− 0.3(|X|2 + |Y |2)− |X||Y |
= n2/10 + 0.4(|X| − n/2)2 ≥ n2/10,
a contradiction. This completes the proof of Lemma 5.6. 
We now consider the case when V (H) is partitioned into 3 classes, X ′,
Y ′ and Z ′ such that |X ′|, |Y ′|, |Z ′| ≥ (1/4 + γ)n and X ′, Y ′ and Z ′ are
(⌈4/γ⌉ + 2, η)-closed in H. Its proof is based on the proof of Lemma 5.6.
Lemma 5.7. Let γ > 0 and let H be a 3-graph of order n with δ2(H) ≥
(1/2 + γ)n. Suppose that V (H) is partitioned into X ′, Y ′ and Z ′ with
|X ′|, |Y ′|, |Z ′| ≥ n/4 and X ′, Y ′ and Z ′ are (iX′ , ηX′)-closed, (iY ′ , ηY ′)-
closed and (iZ′ , ηZ′)-closed in H respectively. Then H is (i, η)-closed for
some integer i ≥ 1 and constant η > 0.
Proof. Write δ = δ2(H). Let mX′ = 4iX′ − 1, mY ′ = 4iY ′ − 1 and mZ′ =
4iZ′ − 1. Let c1, c2, c3, c4, ε1, ε2, ε
′
2, ε3, ε
′
3, ε4, > 0 be constants as defined in
the proof of Lemma 5.6 with an extra constant ε0 > 0. Further assume that
γ ≥ max{768ε0, 2
12(c3 + ε3)}.
Again, η1, η2, . . . is assumed to be a decreasing sequence of strictly positive
sufficiently small constants.
A triple (u, v, S) is an i-bridge if it is either an (X ′, Y ′)-bridge, an (X ′, Z ′)-
bridge or a (Y ′, Z ′)-bridge of length i. If the number of i-bridges is at
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least εn4i+1 for some constants ε > 0, then we may assume without loss of
generality that the number of (X ′, Y ′)-bridges is at least εn4i+1/3 . Hence,
X ′ ∪Y ′ is (iX′ + iY ′ + i)-closed in H by Lemma 2.5 and so H is i0-closed by
Lemma 5.6 for some i0. Therefore, to prove the lemma it is enough to show
that there exist an integer i0 and a constant ε > 0 such that the number of
i0-bridges is at leasts εn
4i0+1.
First, suppose that there are at least ε0n
4 copies of K−4 of each of type
X ′X ′Y ′Z ′ and X ′Y ′Y ′Z ′. Hence, we can pick two vertex-disjoint copies of
K−4 , T = {x1, x2, y, z} of type X
′X ′Y ′Z ′ and T ′ = {x′, y′1, y
′
2, z
′} of type
X ′Y ′Y ′Z ′. Since x1 is (iX′ , ηX′)-close to x
′, there exist at least ηX′n
mX′/2
copies of (x1, x
′)-bridges SX′ with SX′ ∩ (V (T ) ∪ V (T
′)) = ∅. Fix one
such SX′ . Similarly, we can find a (y, y
′
1)-bridge SY ′ and a (z, z
′)-bridge
SZ′ such that SY ′ ∩ SY ′ = ∅ and (SY ′ ∪ SZ′) ∩ (SX′ ∪ V (T ) ∪ V (T
′)) = ∅.
Furthermore, there are at least ηY ′n
mY ′/2 and ηZ′n
mZ′/2 choices for SY ′ and
SZ′ respectively. Set S = SX′ ∪ SY ′ ∪ SZ′ ∪ {x1, x
′, y, y′1, z, z
′}. Note that
(x4, y
′, S) is an (X ′, Y ′)-bridge of length i0 = iX+iY +iZ+1. Moreover, there
are ε20ηX′ηY ′ηZ′n
m0/(32(m0!)) such (X
′, Y ′)-bridges, where m0 = 4i0 + 1.
Hence, we may assume without loss of generality that there are less than
ε0n
4 copies of K−4 of each of type X
′Y ′Y ′Z ′ and X ′Y ′Z ′Z ′.
We now mimic the proof of Lemma 5.6 by settingX = X ′ and Y = Y ′∪Z ′.
Note that |X|+ |Y | = n and |Y | = |Y ′|+ |Z ′| ≥ n/2 ≥ |X| ≥ n/4. Observe
that an (X,Y )-bridge of length i is an i-bridge. Hence, the lemma is proved
if we can show that there are many (X,Y )-bridges of length i. Hence, we
may further assume that none of conditions (i)–(iv) in Lemma 5.4 holds,
otherwise we are done.
Since condition (iii) does not hold, there are less than (c3+ε3)n
4 copies of
K−4 of type XXY Y . Therefore, there are less than (c3+ε3)n
4 < ε0n
4 copies
of K−4 of type X
′X ′Y ′Z ′. Recall that there are less than ε0n
4 copies of K−4
of each of type X ′Y ′Y ′Z ′ and X ′Y ′Z ′Z ′. Thus, there are less than 3ε0n
4
copies of K−4 that contain an edge of type X
′Y ′Z ′. Since |L(e)| ≥ (1/4+γ)n
for every edge e by Proposition 2.1,
e(X ′Y ′Z ′) ≤ 24ε0n
3.
Without loss of generality, we may further assume that |X ′| ≤ |Y ′| ≤ |Z ′|.
Let |X ′|+ |Y ′| = αn, so 1/2 ≤ α ≤ 2/3. Since (|X ′|+ |Y ′|) + (|X ′|+ |Z ′|) ≥
2αn and |X ′|+ |Y ′|+ |Z ′| = n, we have
|X ′| ≥ (2α − 1)n. (10)
Recall that γ ≥ 768ε0 and δ ≥ (1/2 + γ)n. Hence,
e(X ′Y ′Y ′) =
1
2
 ∑
x∈X′,y∈Y ′
(deg(x, y)− |X ′|+ 1)− e(X ′Y ′Z ′)

≥ |X ′||Y ′|(δ − |X ′|+ 1)/2 − 12ε0n
3
≥ |X ′||Y ′|((1 + γ)n− 2|X ′|)/4
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Similarly, we have
e(X ′X ′Y ′) ≥ |X ′||Y ′|((1 + γ)n− 2|Y ′|)/4.
For x, x′ ∈ X ′ and y, y′ ∈ Y ′, define a(x, x′, y, y′) to be the number of edges
in H[{x, x′, y, y′}] as before. Therefore,∑
a(x, x′, y, y′)
= (|Y ′| − 1)e(X ′X ′Y ′) + (|X ′| − 1)e(X ′Y ′Y ′)
≥
|X ′||Y ′|
4
[
(|Y ′| − 1)((1 + γ)n− 2|Y ′|) + (|X ′| − 1)((1 + γ)n− 2|X ′|)
]
≥
|X ′||Y ′|
4
[
(1 + γ/2)n(|X ′|+ |Y ′|)− 2(|X ′|2 + |Y ′|2)
]
=
|X ′||Y ′|
4
[
4|X ′||Y ′| − (|X ′|+ |Y ′|)(2|X ′|+ 2|Y ′| − (1 + γ/2)n)
]
=
|X ′||Y ′|
4
[
4|X ′||Y ′| − α(2α − 1− γ/2)n2
]
, (11)
where we recall that |X ′| + |Y ′| = αn. Note that if a(x, x′, y, y′) ≥ 3, then
H[{x, x′, y, y′}] contains a K−4 . Since there are less than (c3 + ε3)n
4 copies
of K−4 of type XXY Y ,∑
a(x, x′, y, y′) ≤ (2 + 212(c3 + ε3))
(
|X ′|
2
)(
|Y ′|
2
)
≤ (1 + γ)|X ′|2|Y ′|2/2
as |X ′|, |Y ′| ≥ n/4 and γ ≥ 212(c3 + ε3). Together with (11), we have
2(1− γ)|X ′||Y ′| ≤ α(2α − 1− γ/2)n2 (12)
Recall (10) that |X ′| ≥ (2α−1)n and |X ′|+ |Y ′| = αn. Therefore, by taking
|Y ′| = αn− |X ′| and |X ′| = (2α− 1)n, (12) becomes
2(1− γ)(2α − 1)(1 − α)n2 ≤ α(2α − 1− γ/2)n2,
2(1− α) < 2α,
a contradiction, where (2α− 1− γ/2) < (1− γ)(2α− 1) and 1/2 ≤ α ≤ 2/3.
The proof of Lemma 5.7 is complete. 
Therefore, Lemma 4.2 follows immediately from Lemma 5.2, Lemma 5.6
and Lemma 5.7.
6. Closing remarks
We would like to know the exact value of t32(n,K
−
4 ). If Conjecture 1.3
is true, then by Remark 3.1 we know that there is no unique extremal
graph for n = 1 (mod 3). However, each of the given constructions contains
Hn/2−1,n/2 as an induced subgraph.
Another natural question is to ask for the δ2(H)-threshold for the exis-
tence of K−4 . Take a random tournament on n vertices, let H be a 3-graph
on the same vertex set such that every edge in H is a directed triangle. Note
that H is K−4 -free and δ2(H) = (1/4 + o(1))n.
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Question 6.1. For ε > 0, do all 3-graphs of sufficiently large order n with
δ2(H) ≥ (1/4 + ε)n contain a K
−
4 ?
Note that a 3-graph H of order n with δ2(H) ≥ γn contains at least γ
(n
3
)
edges. Thus, one of the results of Baber and Talbot [2] implies that the
answer to the question above would be affirmative for δ2(H) ≥ (0.2871 +
o(1))n.
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